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Trajectory Optimization Using Eccentric Longitude Formulation

Jean Albert Kechichian
The Aerospace Corporation, El Segundo, California 90245-4691

The problem ofoptimaltransfer usinga set ofnonsingularorbit elements where theeccentric longituderepresents
the sixth state variable is extended and completed by fully considering the six-state dynamics.Because the eccentric
longitude appears in the right-hand sides of the dynamic equations, the use of this particular formulation removes
the need for solving the transcendental Kepler equationat each integration step, thereby easing, to some extent, the
numerical computations. Furthermore, because the eccentric longitude is being integrated directly, it effectively
becomes an independent orbital element such that the adjoint differential equations are derived by assuming
that this longitude is independent of the other elements. The variational Hamiltonian is constant throughout the
transfer with the boundary conditions given simply in terms of the elements. An example of a general minimum-
time transfer using continuous low-thrust is generated duplicating a previous result using the mean longitude
formulation to validate the mathematical derivations.

Nomenclature
a = semimajor axis, km
E = eccentric anomaly
e = eccentricity
F = eccentric longitude, E
f = thrust magnitude, N
f = thrust vector, N
ft = thrust acceleration magnitude, f m
f g = unit vectors along axes of direct equinoctial frame
G = (1 h2 k2 1 2

h = e sin )
i = orbit inclination
K = 1 p2 q2

k = e cos
M = mean anomaly
m = spacecraft mass, kg
n = orbit mean motion, 1 2a 3 2, rad/s
p = tan i 2 sin
p = orbit parameter, a 1 e2 , km
q = tan i 2 cos
r = radial distance, km
r = velocity vector, km/s
sF cF = sin F cos F , etc.
u = unit vector in the direction of f

= mean longitude, M
= Earth gravity constant, km3/s2

= longitude of ascending node
= argument of periapse

Introduction

E QUINOCTIAL orbit elements have been used1 3 to solve op-
timal low-thrust transfer problems by consideringonly the � ve

slowly varying orbit elements. The dynamic equations based on
these elements are singularity free for both zero eccentricity and
zero inclinationand are valid for any ellipticalorbit becausethey are
exact nonlinearequations that describe the exact motion in a central
force � eld and are perturbed by the thrust acceleration.In problems
of low-thrust transfer, the adoptionof orbital elementsallows for the
technique of averaging to be applied because these elements vary
slowly during an entire orbit. When precision integration is used
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instead to obtain exact solutions, the Cartesian formulation that is
also singularity free can also be used to generate optimal trajecto-
ries. However, with the boundary conditions being given in terms
of the elements, it is more natural to use an element-basedformula-
tion even though the Cartesian formulation is mathematically very
simple. In an element-based formulation, the equations of motion
contain an accessory variable in the right-hand sides, namely the
eccentric anomaly, if classical elements are considered, or eccen-
tric longitude, if equinoctialvariables are consideredinstead.These
equationscan also be written in terms of the true anomaly or eccen-
tric anomaly, respectively,as the accessory variable.

When all six elementsare considered,the differentialequationfor
the fast element or sixth independentvariable can be written as the
time rate of changeof the mean longitude,the eccentriclongitude,or
the true longitude,the accessoryvariableappearingin the right-hand
sides of these dynamic equations being the eccentric longitude or
the true longitude but not the mean longitude. The reason the mean
longitudecannotbeused as theaccessoryvariableis that theposition
vector cannot be written explicitly in terms of the mean longitude.
If we select the mean longitude as the sixth independent variable,
then we must solve for the eccentric longitude through Kepler’s
equation at each integration step to evaluate the right-hand sides
of all six differential equations. This additional effort in solving
Kepler’s equation is clearly not needed if the eccentric longitude
is selected as the sixth variable instead. The particular choice of
the sixth variablehas important implicationson how the differential
equations for the adjoints are written.4 12 This observation holds
true even if only the � rst � ve dynamic equations for the slowly
varyingelements are consideredand the sixth equation is neglected.
There is no ambiguity if all six equations are considered provided
that the dependenceof the eccentric longitudeon the other elements
is accounted for when the mean longitude is selected as the sixth
variable and is considered independent of the other elements when
the eccentric longitude itself is selected as the sixth variable. The
formulation for the case where the eccentric longitude is selected
as the sixth state variable while considering only the differential
equations for the � rst � ve slowly varyingelements1 2 is extended in
this paper by considering all six differential equations for an exact
descriptionof the orbit motion.The full six-elementformulationfor
the case where the mean longitude represents the fast variable was
developed later.7

The next two sections show all the pertinent derivations with a
duplication of the general example of Ref. 7 to validate the mathe-
matics of this version.

Equations of Motion in Terms
of the Eccentric Longitude

The equations of motion in terms of the eccentric longitude for
the thrust perturbation are given by5
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The thrust vector f f u is measured in the direct equinoctial
frame f g with f and g contained in the instantaneous orbit
plane and with f obtained through a clockwise rotation of an angle

from the direction of the ascendingnode. The positionand veloc-
ity vectors r and r are written as r X1 f Y1g and r X1 f Y1g.
The variousprecedingcomponentsaregivenin termsof theequinoc-
tial orbit elements as well as the eccentric longitude F by

X1 a 1 h2 cF hk sF k (7)

Y1 a hk cF 1 k2 sF h (8)

X1 a2nr 1 hk cF 1 h2 sF (9)

Y1 a2nr 1 1 k2 cF hk sF (10)

Here 1 1 G , and r a 1 kcF hsF .
The partials appearing in Eqs. (1–6) are given by
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The derivations that lead to these equations are given in great
detail in Refs. 4 and 5. The partial F r is written directly in
terms of the partials r h r, and k r. Because the partials
of matrix M with respect to the elements were developed7 using
as the fast element, it is straightforward to use these partials with
minor modi� cations to generate the partials of F r with respect
to the elementsneeded in the Euler–Lagrangeequations.It is for this
reason that F r is not written explicitly and is left as in Eq. (16).
The explicit form of F r is written as
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The basic equations of motion can be written in a compact form as

z Mu ft 0 0 0 0 0 na r T (22)

Here z a h k q p F T is the state vector and the 6 3 matrix
M is given by
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These are the variation of parameter equationsfor this particular set
of state variables, namely, a h k p q F and they are obtained
directly from the correspondingequationsof the fundamental set a
h k p q 0 , where 0 represents the mean longitude at epoch.
The matrix of the Poisson brackets of the fundamental equinoctial
set is obtained by applying the following transformation equation
to the matrix of the Poisson brackets of the fundamental classical
set a e i M0:
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Converting the elements of the preceding two matrices from the
classical elements to the equinoctial elements and carrying out the
transformationyields
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The partials of the equinoctial elements of the fundamentalset with
respect to the velocity vector r are obtained from
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with 0 1. These relevant partials of r with respect to the
elements are shown4 11 with all the details of their derivations.They
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The explicit appearance of time in the preceding equation is due to
the selectionof theepochvariable,namely theepochmean longitude

0, which is eliminated by replacing the variable 0 by . From
0 nt,
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Thus the partials of the elements with respect to the velocity vec-
tor for the set a h k p q are given by Eqs. (11–15), which re-
main unchanged, and Eq. (17), which replaces the partial 0 r
shown earlier. The differential equation for the sixth variable is
thus changed from 0 0 r T u ft to n r T u ft

when 0 is replaced by , whereas the � rst � ve equations (1–5)
remain identical. Equation (6) is obtained from Kepler’s equation
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The Hamiltonian corresponding to this set a h k p q F can
now be written in compact form as

H T
z z T

z M z F ft u F na r (23)

This Hamiltonian is maximized by making u be parallel to
T
z M z F . The Euler–Lagrange equations for the set a h k p

q F can now be written in a straightforwardmanner after making
use of the following partials:
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The last threepartialsare identicallyequal to zerobecause F is being
integrated and must thereforebe consideredan orbital element such
that it is now independentof the other in-planeelementsa h and k.
Likewise, from r a 1 kcF hsF , the partials r h and r k
do not account for the variation of F with respect to h and k. This
dependence had to be accounted for when the system of dynamic
equations was originally generated. In taking the partial derivatives
of H with respect to the six elements, the eccentric longitude F ,
which appears in the right-hand side of all six differentialequations
in the quantities X1 Y1 X1 Y1 X1 h X1 k Y1 h Y1 k
as well as r and the trigonometric functions sF and cF , must be held
� xed because it is being integrated directly, becoming independent
of the other � ve state variables a h k p and q. Now the Euler–
Lagrange equations for the adjoints are given by
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Explicitly, and using the summation notation with i 1 2 3 and
u1 u f , u2 ug , and u3 u , we have the following differential
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However, the M z partialsmust bederivedwith theassumption
that F h F k F a 0, consistent with assuming F
as an independent variable. For the � rst � ve rows of the M matrix,
these partials were derived6 and are included in Appendix A for
completeness.This formulation is the only one that results in mixed
second-order partials for both X1 and Y1, namely, 2 X1 h k

2 X1 k h and 2Y1 h k 2Y1 k h not being identical as
can be seen from Eqs. (A35), (A36), (A39), and (A40). This lack of
symmetry is due to the independenceof F with respectto both h and
k. This dependence can be restored if the Hamiltonian in Eq. (23)
is written without the F na r term such that Eq. (6) is written as
F F r T u ft with F representing the sixth orbital element
that remains constant in the absence of any thrust perturbation.The
eccentric longitude F will then be obtainedby a separate integration
such that F F na r . When only the � rst � ve elements are
considered,the Euler–Lagrangeequationscan be written either as in
Ref. 7 or as developedin this paper, the results being identicalwhen
averaging is used because then the dynamic and adjoint equations
are effectively decoupled from the orbital position.

However, when the Hamiltonian is written as in Eq. (23), we
must accept that F is independentof a h and k when deriving the
adjoint equations.There is no ambiguity when the full six differen-
tial equations, mainly Eqs. (1–6), are used as in the present paper
within the context of precision integration.The mixed second-order
partials of X1 and Y1 are not identical even though X1 and Y1 are
continuous in h and k. Although X1 and Y1 are continuous in these
two variables,the � rst-orderpartials X1 h X1 k Y1 h and
Y1 k appearing explicitly in the elements of the M matrix and

giving rise to the second-orderpartials in M z are combinedwith
other terms, as it is clear from Eqs. (12), (13), (16), and (17), such
that the totality of the f and g componentsof the pertinentelements
of M must be considered as unique functions of the elements after
replacement of the X1 h X1 k Y1 h and Y1 k partials
by their functional representationgiven in Eqs. (18–21). We should
therefore revisit the assumptions made to this regard in Ref. 6 and
not worry about the explicit presence of these � rst-order partials in
M because Eqs. (12), (13), (16), and (17) are shown as they are for
convenience and compactness in writing. During the generation of
the M z partials in the Appendices,care must be taken in writing
the partials of X1 and Y1 with respect to h and k whenever X1 and
Y1 appear explicitly in the matrix M . As stated earlier, these partials
must not allow for the variation of F with respect to h and k such
that
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This distinctionbetween X1 h and X1 h F aswellas theother
three pairs of partials was not properly documented in the original
conference paper in Ref. 13. An error in Eq. (131) of Ref. 13 in
the form of h instead of k that appears in the second term has also
been corrected in the corresponding Eq. (B36) of Appendix B of
the present paper. The numerical results presented in this paper and
based on the exact six-state dynamics validate these assertions.For
the sixth row of the M matrix, the nonzero partials are given in
Appendix B.

Numerical Example
Let us now try to duplicate the transfer trajectory used in

Ref. 12. The minimum-time transfer solution must satisfy the
transversality condition at the unknown � nal time H f 0 for
the Hamiltonian H 1 T

z z or equivalently H f 1 for our
Hamiltonian H T

z z. The initial values of the � ve Lagrange mul-
tipliers a 0 h 0 k 0 p 0 and q 0 are guessed as well as
the total transfer time and the initial value of the eccentric longi-
tude, and the shooting method is used to integrate from the initial
given state with F 0 0 in an iterative manner until the required
� nal state is matched. In practice, the following objective function
is minimized:

Fobj 1 a f aT
2

2 h f hT
2

3 k f kT
2

4 p f pT
2

5 q f qT
2

6[ F f 0]2

7 H f 1 2

where the j are weights associated to each element and the f
subscript represents the values of the equinoctialelements, the mul-
tiplier F , and the Hamiltonian H at the current � nal time of that
particular iteration. The subscript T represents the targeted values
that the iterator must match closely for a converged solution.

Using the F superscript for the present F formulation and the
superscript for the formulation of Ref. 7, a canonical transforma-
tion between the set a h k p q and the set a h k p q F
will require that the following condition hold true:

a da h dh k dk p dp q dq d H dt

F
a da F

h dh F
k dk F

p dp F
q dq F

F dF H F dt

(31)

Because the dynamic system is autonomous in both formulations,
H H F 1 throughout the transfer, and from Kepler’s equation

F ksF hcF , we have d 1 kcF hsF dF sF dk
cF dh, or

d r a dF sF dk cF dh (32)

which when used in Eq. (31) yields the following six relationships:

F
a a (33)

F
h h cF (34)

F
k k sF (35)

F
p p (36)

F
q q (37)

F
F r a (38)

Both initial and � nal eccentric longitudes are free, and therefore
they are optimized because F 0 0 is imposed, and F f 0
is iterated on. We can also verify that the derivations presented
in this paper are indeed correct and error free by running an open-
loop trajectoryusingthe solutionshown in Ref. 12.Using a0 7000
km, e0 0, i0 28 5 deg, 0 0 deg, and 0 0 deg,
the target conditions a f 42,000 km, e f 10 3 , i f 1 deg,
and f f 0 deg, and the acceleration ft 9 8 10 5

km/s2, the formulation resulted in the following solution12 given
by a 0 4 675229762 s/km, h 0 5 413413947 102 s,

k 0 9 202702084 103 s, p 0 1 778011878 101

s, and q 0 2 258455855 104 s, with an optimized ini-
tial mean longitude 0 2 274742851 rad corresponding to
an initial mean anomaly M0 130 3331648 deg, and the min-
imum time of t f 58089 90058 s. Because 0 0 was used
at time zero to start the integration, and because r 0 a0 due to
the initial circular condition, Eqs. (33–38) show that we can select

a h k p q , and F 0 at the initial time to be identical to the
values shown earlier. Furthermore, F 0 0 M 0 because
e0 0 and 0 0 0 deg in this example. The open-loop in-
tegration to t f results in the � nal parameters a f 41,999.991 km,
e f 9 9833 10 4 , i f 0 999797 deg, f 3 435 10 4

deg, f 359 992909 deg, and F f 46 206027 deg with
F f 9 089 10 3 s/rad duplicatingthe minimum-time transfer

example of Ref. 12. This F f value correspondsto M f 46 171481
deg,which is close to M f 46 146408deg obtainedin Ref. 12.Fig-
ure 1 shows how F and M vary during the short optimal � ight start-
ing from the same initial value of 229.666835deg or 130 333164
deg, with the eccentric longitude cycling between 0 and 360 deg.
Figures 2–7 show the evolution of the various multipliers and com-
pare them to the corresponding multipliers of the formulation of
Ref. 12 with identical a p , and q as predicted by Eqs. (33),
(36), and (37). Both and F start and end at zero as required for
the solution of the free-free transfer because both initial and � nal

Fig. 1 Mean anomaly and eccentric longitude time histories during
optimal transfer.

Fig. 2 Evolution of a and F
a multipliers during optimal transfer.

Fig. 3 Evolution of h and F
h multipliers during optimal transfer.
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Fig. 4 Evolution of k and F
k multipliers during optimal transfer.

Fig. 5 Evolution of p and F
p multipliers during optimal transfer.

Fig. 6 Evolution of q and F
q multipliers during optimal transfer.

Fig. 7 Evolution of and F
F multipliers during optimal transfer.

longitudes are free and are therefore optimized to yield the absolute
minimum-time transfer. Finally, Figs. 8 and 9 depict the variations
of the Earth-centered inertial Cartesian position components with
Fig. 9 showing clearly how the orbit initially inclined at 28.5 deg
rotates near the end of its run to match the 1 deg target. These ex-
pressions clearly show why the in-plane adjoints exhibit different
plots with the exception of the various a . Because our example
transfer remainsnear circular throughout,r a stays close to the unit
value such that the F and curves are nearly identical. This near
identity of the F and curves will not appear when the orbits are

Fig. 8 Inertial Cartesian coordinates Y vs X during optimal transfer.

Fig. 9 Inertial Cartesian coordinates Z vs Y during optimal transfer.

ellipticalbecause then r a will effectivelymodulate the curve to
generate the F curve.

Concluding Remarks
The mathematics of trajectory optimization for low-thrust orbit

transfer and rendezvous are derived for the particular case where
the eccentric longitude represents the sixth state variable. The use
of this nonsingularset removes the need for solving the Kepler tran-
scendental equation at each integration step because the eccentric
longitude is now directly integrated.An example of minimum-time
transfer using continuousconstant accelerationobtained with a dif-
ferent formulation where the mean longitude represents the sixth
state variable instead is duplicated by way of this formulation.The
correspondence between the adjoints to the six elements of both
formulations is also established, and the result is used to set the
initial values of the six Lagrange multipliers corresponding to the
present formulation to duplicatean open-looptransfer trajectoryfor
validation and veri� cation of the various mathematical derivations.

Appendix A: Nonzero Partials of the First Five Rows
of Matrix M
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In a similar way
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The only nonzero partials with respect to p are

M23

p

k X1

na2G
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p

h X1
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p
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The only nonzero partials with respect to q are
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q
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q
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q
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The accessory partials appearing in the de� nition of the preceding
partial derivatives are obtained from Eqs. (9), (10), and (18–21) by
assuming that F h F k 0:
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a

r
X1sF
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2 X1
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a 1

a

r
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1

h 3
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3
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a
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a h
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a h
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a k

1
a
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k
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where the X1 h X1 k Y1 h, and Y1 k partials just ap-
pearing are given by Eqs. (18–21). The last four second-orderpar-
tials are needed to de� ne the M a partials in Eq. (A49), produced
by assuming F a 0. We have

X1

a

X1

a
(A45)

Y1

a

Y1

a
(A46)

X1

a
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2r
hk cF 1 h2 sF

X1
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a
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(A48)

This, together with the second-order partials of Eqs. (A41–A44)
give

M

a

1

2a

3 0 0 0 0

1 0 0 0

1 0 0

1 0

0 1

M (A49)

Appendix B: Partials of the Sixth Row of Matrix M

M F
61

a

a

r

M61

a
sF

M31

a
cF

M21

a
(B1)

M F
62

a

a

r

M62

a
sF

M32

a
cF

M22

a
(B2)

M F
63

a

a

r

M63

a
sF

M33

a
cF

M23

a
(B3)

a

na

r

3

2

1
2 a

3
2

r
(B4)

M F
61

h

a2

r 2
sF M61 sF M31 cF M21

a

r

M61

h
sF

M31

h
cF

M21

h
(B5)

M F
62

h

a2

r 2
sF M62 sF M32 cF M22

a

r

M62

h
sF

M32

h
cF

M22

h
(B6)

M F
63

h

a2

r 2
sF M63 sF M33 cF M23

a

r

M63

h
sF

M33

h
cF

M23

h
(B7)



KECHICHIAN 325

h

na

r

na2

r 2
sF (B8)

M F
61

k

a2

r 2
cF M61 sF M31 cF M21

a

r

M61

k
sF

M31

k
cF

M21

k
(B9)

M F
62

k

a2

r 2
cF M62 sF M32 cF M22

a

r

M62

k
sF

M32

k
cF

M22

k
(B10)

M F
63

k

a2

r 2
cF M63 sF M33 cF M23

a

r

M63

k
sF

M33

k
cF

M23

k
(B11)

k

na

r

na2

r 2
cF (B12)

M F
63

p

a

r

M63

p
sF

M33

p
cF

M23

p
(B13)

M F
63

q

a

r

M63

q
sF

M33

q
cF

M23

q
(B14)

M F
61

F

a2

r 2
ksF hcF M61 sF M31 cF M21

a

r

M61

F
sF

M31

F
cF

M21

F
cF M31 sF M21

(B15)

M F
62

F

a2

r 2
ksF hcF M62 sF M32 cF M22

a

r

M62

F
sF

M32

F
cF

M22

F
cF M32 sF M22

(B16)

M F
63

F

a2

r 2
ksF hcF M63 sF M33 cF M23

a

r

M63

F
sF

M33

F
cF

M23

F
cF M33 sF M23

(B17)

Finally, the partial derivatives of M with respect to F that are not
identically equal to zero are given by
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The auxiliary partials are
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Finally,
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