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Trajectory Optimization Using Eccentric Longitude Formulation

Jean Albert Kechichian*
The Aerospace Corporation, El Segundo, California 90245-4691

The problem of optimal transfer using a set of nonsingularorbit elements where the eccentric longituderepresents
the sixth state variableis extended and completed by fully considering the six-state dynamics. Because the eccentric
longitude appears in the right-hand sides of the dynamic equations, the use of this particular formulation removes
the need for solving the transcendental Kepler equation at each integration step, thereby easing, to some extent, the
numerical computations. Furthermore, because the eccentric longitude is being integrated directly, it effectively
becomes an independent orbital element such that the adjoint differential equations are derived by assuming
that this longitude is independent of the other elements. The variational Hamiltonian is constant throughout the
transfer with the boundary conditions given simply in terms of the elements. An example of a general minimum-
time transfer using continuous low-thrust is generated duplicating a previous result using the mean longitude

formulation to validate the mathematical derivations.

Nomenclature
= semimajor axis, km
= eccentric anomaly
= eccentricity
= eccentric longitude, E + © +
= thrust magnitude, N
= thrust vector, N
= thrustacceleration magnitude, f/m
unit vectors along axes of direct equinoctial frame
- (1 —h? = k2)1/2
esin(w + Q)
= orbit inclination
=1+p+4q°
= ecos(w + Q)
= mean anomaly
= spacecraft mass, kg
= orbit mean motion, w'/?a=3?, rad/s
= tan(i/2) sin 2
= orbit parameter, a(1 — ¢?), km
= tan(i/2) cos 2
= radial distance, km
= velocity vector, km/s
cg =sinF, cos F,etc.
= unit vector in the direction of f
= mean longitude, M + w + Q2
Earth gravity constant, km?/s?
= longitude of ascending node
= argument of periapse
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Introduction

E QUINOCTIAL orbit elements have been used'~* to solve op-
timal low-thrusttransfer problems by consideringonly the five
slowly varying orbit elements. The dynamic equations based on
these elements are singularity free for both zero eccentricity and
zeroinclinationand are valid for any elliptical orbitbecause they are
exactnonlinearequations that describe the exact motion in a central
force field and are perturbed by the thrust acceleration. In problems
of low-thrusttransfer, the adoption of orbital elements allows for the
technique of averaging to be applied because these elements vary
slowly during an entire orbit. When precision integration is used
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instead to obtain exact solutions, the Cartesian formulation that is
also singularity free can also be used to generate optimal trajecto-
ries. However, with the boundary conditions being given in terms
of the elements, it is more natural to use an element-based formula-
tion even though the Cartesian formulation is mathematically very
simple. In an element-based formulation, the equations of motion
contain an accessory variable in the right-hand sides, namely the
eccentric anomaly, if classical elements are considered, or eccen-
tric longitude, if equinoctial variables are considered instead. These
equations can also be written in terms of the true anomaly or eccen-
tric anomaly, respectively, as the accessory variable.

When all six elements are considered, the differentialequation for
the fast element or sixth independentvariable can be written as the
time rate of change of the mean longitude, the eccentriclongitude,or
the true longitude, the accessory variable appearingin the right-hand
sides of these dynamic equations being the eccentric longitude or
the true longitude but not the mean longitude. The reason the mean
longitudecannotbe used as the accessory variableis that the position
vector cannot be written explicitly in terms of the mean longitude.
If we select the mean longitude as the sixth independent variable,
then we must solve for the eccentric longitude through Kepler’s
equation at each integration step to evaluate the right-hand sides
of all six differential equations. This additional effort in solving
Kepler’s equation is clearly not needed if the eccentric longitude
is selected as the sixth variable instead. The particular choice of
the sixth variable has importantimplications on how the differential
equations for the adjoints are written.*~'? This observation holds
true even if only the first five dynamic equations for the slowly
varying elements are considered and the sixth equationis neglected.
There is no ambiguity if all six equations are considered provided
that the dependence of the eccentric longitude on the other elements
is accounted for when the mean longitude is selected as the sixth
variable and is considered independent of the other elements when
the eccentric longitude itself is selected as the sixth variable. The
formulation for the case where the eccentric longitude is selected
as the sixth state variable while considering only the differential
equations for the first five slowly varying elements"? is extendedin
this paper by considering all six differential equations for an exact
descriptionof the orbit motion. The full six-elementformulation for
the case where the mean longitude represents the fast variable was
developed later.”

The next two sections show all the pertinent derivations with a
duplication of the general example of Ref. 7 to validate the mathe-
matics of this version.

Equations of Motion in Terms
of the Eccentric Longitude
The equations of motion in terms of the eccentric longitude for
the thrust perturbation are given by?
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The thrust vector f = fii is measured in the direct equinoctial
frame (f, §, @) with f and & contained in the instantaneous orbit
plane and with f obtained through a clockwise rotation of an angle
€2 from the direction of the ascendingnode. The position and veloc-
ity vectorsr and # are writtenasr = X f—|—Y1g andr = X, f—|— Ylg
The various precedingcomponentsare givenin terms of the equinoc-
tial orbit elements as well as the eccentric longitude F by

X, =a[(l —h*B)cy + hkpsy — k] 7

=a[hkBer + (1 = K*B)sp — h] ®)
X, =a’nr™ [hkBer — (1 = hB)sr | )
Yy =a’nr™ ' [(1 = k*B)cr — hkBsy ] (10)

Here 8 = 1/(1 4+ G),andr = a(l — kcp — hsg).
The partials appearing in Eqs. (1-6) are given by

d oA
— =27 f 4 hD) =
or

TR VO P G
ot o P ok ﬂ

+k(qY, — pX)nT a2 G b = My, f + Mpy§ + My
(12)

ok X aY Y,

— =G -1,-2 1 1 k 1Y,

or "“[(ah ﬂ T+t )2

—h(qY, — pXn"'a7 G b = My, f + Mg + Myyid

My f+Mpg+Mud (1)

(13)
ap n~la”?G™' A . .
— = KY, W= My [+ Mpg+ Mpw (14)
ar 2
ap n~la?2G™ | A R R
i 1 > W= Ms [+ Msg + Ms3w (15)

MEF+MEG+MED (16)

dF al ax ok ol
o r| oF

and where

A axX axX
ar =n"'a ‘2[ 2X1+G<hﬂ—l +kﬂ—l>i|f

ay ay
+n'a —2[ 2Y1+G<hﬂ—l —|—kﬂ—l>:|g

+n7'a2GTN(qY) — pX )= Mg f + Mpg 4+ Maid  (17)
with

9x h2 g3
a—hl:a|: (hcp—ksp)</3—|— ﬂﬂ)—%CF(hﬂ—SF)} (18)

X, ., ' hkpB? a P

5 = (hep — SF)I_/S+1+75F(SF— B) (19)
oY hkg?

a—,;—a[wcp ksp) _ﬂ ﬂ—1+§cp(kﬂ—cp)} (20)
aY. 2 3

akl _a|:(hcp—ksp)<ﬂ+ ﬂﬂ> —sp(cF—kﬂ)} 2D

The derivations that lead to these equations are given in great
detail in Refs. 4 and 5. The partial 3 F/dF is written directly in
terms of the partials 9 /dF, dh/dF, and 9k /9F. Because the partials
of matrix M with respect to the elements were developed using A
as the fast element, it is straightforward to use these partials with
minor modifications to generate the partials of d F/9r with respect
to the elements needed in the Euler-Lagrange equations. It is for this
reason that d F'/3r is not written explicitly and is left as in Eq. (16).
The explicit form of d F /9r is written as

oF 1 X,
—_—= —2X1+G(hﬂ—SF)W

or nar
X X, 7 -
+GkB — cr)—— — BGlksp — hep)— | f
ok n
+|=2Y, + Gh )BYl + Gk )BYl
1 B—sp Y B —cr Y

nl. .
—BGksy — hcp)—l}g +—(q¥, - pxow}
n aG
The basic equations of motion can be written in a compact form as
z=Mif,+©0© 0 0 0 0 na/r)T (22)

Herez = (a h k g p F)T is the state vector and the 6 X 3 matrix
M is given by

% My My My
M= r i My M5 M

ap T My My My

o M5, Ms, Ms;

aq T _Mﬁﬁ ML ME

or

aF\'

or
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These are the variation of parameter equations for this particularset
of state variables, namely, a, h, k, p, g, F, and they are obtained
directly from the correspondingequations of the fundamental set a,
h, k, p, g, do, where A represents the mean longitude at epoch.
The matrix of the Poisson brackets of the fundamental equinoctial
set is obtained by applying the following transformation equation
to the matrix of the Poisson brackets of the fundamental classical
seta, e, i, 2, w, My:

T
_ apa apﬂ
[Pa- pﬂ] - |:aa)L i|[(a)u au)][aau}
where

[(a)u au)] = Pcl

_ . 17
0 0 0 0 0 =2 —
1 w
1—e?»? —(1-—¢
00 0 (A=) —d-e)
e(ua)? e(pa)?
= 1 —¢;
0 - - 0
(upzs; (upzs;
0 0 0
0 0
| —Sym 0
M1 0 0 0 0 07
0 Seotg 0 €Cotq ecoro 0
0 cota 0 —eSyra  —€Spirn O
%a|_l0o o0 0 1 1 1
Ba)n So i
0 —————  tan—cgq 0 0
2cos2(i/2) 2
Cq 1
0 0 —————  —tan—sq 0 0
L 2cos2(i/2) 2 _

Converting the elements of the preceding two matrices from the
classical elements to the equinoctial elements and carrying out the
transformation yields

[(Pa: Pp)]

(@aa) (ah)y (ak)y (ar) (ap (aqg
(hvay (hhy (k) (hir) (hp) (b
| ke kb)) kK Kr)  kp) kig)
Qe Goh) Gok) (Goike) (oo p) (Rouq)
(poay (ph P (PGBrd @ PGP
gay qh Gk Gr @Gp G
0 0 0 —2a 0 0
0 —G hBG —kpK/2G —kqk/2G
1 0 kBG hpK/2G  hqK/2G
Tt 0 —pK/2G —qK/2G
—Sym 0 —K?/4G
0

The partials of the equinoctial elements of the fundamental set with
respect to the velocity vector # are obtained from

ap 6 ar
o
= ﬂz;(pa. o5

such that for A,
JAg or or or
= = (g a)— — Aoy B)— — (ho, H)—
o (oa)aa (Ao )Bh (%o )ak
ar ar ar
— (Ao p)— — (Ao, @)— — (Ao, Ag)—
(Op)ap (OQ)Bq (o O)BAO

The partials of r with respect to the elements are generated by al-
lowing for the variation of F' with respect to the elements, with

oF 3n oF a oF a oF a
or __2on _a 4 or _a
da 2r ok r ” o

- cr,
oh e

with the latter partial used in

or or OF

ar  OF ar
such that

or ar ox

9k 0% 0

with oX/0A, = 1. These relevant partials of r with respect to the

elements are shown*!! with all the details of their derivations. They

are
or X 3t . A Y, 3t .
da a 2a a
or X, ~ 9Y, .
an = on ! Ton
or X, » dY, .
ok~ ok T ¢
ar 2 N “ N
ng[Q(Ylf—Xlg)—Xlw]
ar 2 R A N
%Z?[P(Xlg—ylf)‘FYlw]
ar Xl o Il/lA
g T f+ ng
Thus
o 1 . 90X, 90X, A
— = —|-2X, +3Xt+GB| h—— + k——
oF na2{|: I ﬂ( on Ve )|

+|=2Y, +3Yt+G haY1—|—kaYl A—|—1(Y X)w
— ! ! — — w
1 1 B ah Y 8 G qr,—piy

The explicit appearance of time in the preceding equation is due to
the selectionof the epoch variable,namely the epoch mean longitude
Ao, which is eliminated by replacing the variable X, by A. From
A= )ng + nt,

ar  9r, 3

o A  na?
Thus the partials of the elements with respect to the velocity vec-
tor for the set a, h, k, p, g, 1 are given by Eqgs. (11-15), which re-
main unchanged, and Eq. (17), which replaces the partial dA,/9F
shown earlier. The differential equation for the sixth variable is
thus changed from Ay = (@X¢/31)Tif, to A = n + Ar/TLf,
when 1, is replaced by A, whereas the first five equations (1-5)
remain identical. Equation (6) is obtained from Kepler’s equation
A= F —ksp + hcp, which yields A = (1 — kcp — hsp)F — spk
~+ crh such that

. r K" '
F:%[n—k(%) ﬁﬁ]+%[sp<%> —cp<27> ]ﬁf,

which is further written as

T

. na oF R

bt () s
r ar

because from A = F — ks + hcyp we have

oA oF ok oh
— =U—kcp—hsp)— — +

_ 2
oF o o T
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and therefore

oF al| or ok oh
- s
or r
The Hamiltonian corresponding to this set (a, h, k, p, ¢, F) can
now be written in compact form as

H=Xz=XMGz F)fii+\p(na/r) (23)

This Hamiltonian is maximized by making # be parallel to
)\ZTM(z. F). The Euler-Lagrange equations for the set (a, h, k, p,
q. F) can now be written in a straightforward manner after making
use of the following partials:

or r or ar

—_— = — = —asp, — = —ac

9a  a ah F ok F
ar @ hea) oF _ aF oF _
— =a(ksp — hcp), — =0 - =0 el
aF F F da ah ok

The lastthree partialsare identicallyequal to zerobecause F is being
integrated and must therefore be considered an orbital element such
thatitis now independentof the other in-planeelementsa, i, and k.
Likewise, from r = a(1 —kcp — hsr), the partials dr/dh and dr /dk
do not account for the variation of F' with respectto / and k. This
dependence had to be accounted for when the system of dynamic
equations was originally generated. In taking the partial derivatives
of H with respect to the six elements, the eccentric longitude F,
which appears in the right-hand side of all six differentialequations
in the quantities X, ¥y, X, Yy, 8X,/0h, 8X,/0k, dY,/dh, 0Y,/dk
as well as r and the trigonometric functions s and ¢, must be held
fixed because it is being integrated directly, becoming independent
of the other five state variablesa, h, k, p, and g. Now the Euler—
Lagrange equations for the adjoints are given by

: oH oM o(na/r
A =—— :—A,T—f,ﬁ—AFM (24)
N 9z © 0z 9z
Explicitly, and using the summation notation with i = 1, 2, 3 and

Uy =uys, up, =u,, and uz = u,, we have the following differential
equations:

oH oM,; OM,; oOM;;
)‘a =0 = _)‘a u; — )‘/1 u — )‘k - Uu;
da da da da
IM,; IMs; oML 3 (na
—A i - i A - i - -\
P da " 3a " ) ui | fi Faa\ r
(25)
-A‘ oH BM“- ale' 3M3l
h— T — | T Ma i = Mh i Uu;
! oh oh ""oh “on
IM,; IMs; aME 3 (na
A i i—A -u; -\
Y Y eyl vl
(26)
oH oM,; OM,; OM;;
)‘k = = _)‘a i )‘/1 u — )‘k U;
ok ok ok ok
oM, IMs; IME d [ na
A i i A lui '
Y Y v i vl
27
. oH oM,; OM,; o Ms;
p— T = _)‘a l_)‘h ui_)‘k —U;
ap ap ap
oM, OMs; BMG‘j
_)‘p ap i T g 9 up — )‘F ap U; fl (28)

_ 9H oMy . My M,
q — aq — a aq i h 9 i aq i
My, M, IME
_)‘p . i _)‘q > i _)‘F o u; ﬁ (29)
9q 9q 9q
. oH aMU aMZi aM@l
)\F = %0 — | %a i = Mh [ )\k i
oF oF oF oF

N IM,; N IMs; N ML P 3 (na
- u — u — u; —Ar
"OF T9F oF YA

(30)

However, the 0 M /9z partials must be derived with the assumption
that 9 F /oh = 0F /ok = 0F /da = 0, consistent with assuming F’
as an independent variable. For the first five rows of the M matrix,
these partials were derived® and are included in Appendix A for
completeness. This formulationis the only one that results in mixed
second-order partials for both X and Y;, namely, 8> X,/dhdk #
3%X,/3kdh and 3%Y,/dhdk # 3*Y,/dkdh not being identical as
can be seen from Egs. (A35), (A36), (A39), and (A40). This lack of
symmetry is due to the independenceof F with respectto both i and
k. This dependence can be restored if the Hamiltonian in Eq. (23)
is written without the A pna/r term such that Eq. (6) is written as
F' = (3F /ar)T - i f, with F’ representing the sixth orbital element
that remains constantin the absence of any thrust perturbation. The
eccentriclongitude F will then be obtainedby a separateintegration
such that F = F’ + na/r. When only the first five elements are
considered, the Euler—Lagrange equationscan be written eitheras in
Ref. 7 or as developedin this paper, the results being identical when
averaging is used because then the dynamic and adjoint equations
are effectively decoupled from the orbital position.

However, when the Hamiltonian is written as in Eq. (23), we
must accept that F' is independentof a, &, and k when deriving the
adjoint equations. There is no ambiguity when the full six differen-
tial equations, mainly Eqs. (1-6), are used as in the present paper
within the contextof precisionintegration. The mixed second-order
partials of X, and Y, are not identical even though X, and Y, are
continuousin & and k. Although X, and Y, are continuousin these
two variables, the first-orderpartialsdX, /8h, 3X,/dk, 8Y, /dh, and
dY,/dk appearing explicitly in the elements of the M matrix and
givingrise to the second-orderpartialsin 0M /dz are combined with
other terms, as it is cleAar from Eqgs. (12), (13), (16), and (17), such
that the totality of the f and ¢ components of the pertinentelements
of M must be considered as unique functions of the elements after
replacement of the X, /dh, 3X,/0k, 8Y,/dh, and dY, /0k partials
by their functional representationgiven in Egs. (18-21). We should
therefore revisit the assumptions made to this regard in Ref. 6 and
not worry about the explicit presence of these first-order partials in
M because Egs. (12), (13), (16), and (17) are shown as they are for
convenience and compactness in writing. During the generation of
the 9 M /9z partials in the Appendices, care must be taken in writing
the partials of X and Y, with respect to & and k whenever X, and
Y, appear explicitly in the matrix M. As stated earlier, these partials
must not allow for the variation of F' with respect to & and k such

that
K21 =a|—=(hcy —ksp)| B+ Wp — hfc
on ). F F B F

X, B hkg3
<W>F =—a |:(th — ksgp) =5 +1— hﬂspi|

Y, B hkg3
<W>F = a|:(hcp — ksgp) =5 -1 —|—kﬂcpi|

Y, k23
() o -solo- 1) -]
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This distinctionbetweend X, /dh and (8 X, /0h)  as well as the other
three pairs of partials was not properly documented in the original
conference paper in Ref. 13. An error in Eq. (131) of Ref. 13 in
the form of & instead of k that appears in the second term has also
been corrected in the corresponding Eq. (B36) of Appendix B of
the present paper. The numerical results presented in this paper and
based on the exact six-state dynamics validate these assertions. For
the sixth row of the M matrix, the nonzero partials are given in
Appendix B.

Numerical Example

Let us now try to duplicate the transfer trajectory used in
Ref. 12. The minimum-time transfer solution must satisfy the
transversality condition at the unknown final time H;=0 for
the Hamiltonian H =—1 + )\ZTZ or equivalently H; =1 for our
Hamiltonian H = )\ZTZ. The initial values of the five Lagrange mul-
tipliers (A,)o, (A )00 (Aidos (Ap)or and (A,)o are guessed as well as
the total transfer time and the initial value of the eccentric longi-
tude, and the shooting method is used to integrate from the initial
given state with (Ar)o = 0 in an iterative manner until the required
final state is matched. In practice, the following objective function
is minimized:

Foj = wi(a; — ar)* + wo(h, — hp) + ws(k, — kr)?
+wi(pr — pr)* 4+ ws(qr — qr)* + wel(Ar) ; — O
+w,(H; — 1)

where the w; are weights associated to each element and the f
subscriptrepresents the values of the equinoctial elements, the mul-
tiplier A, and the Hamiltonian H at the current final time of that
particular iteration. The subscript T represents the targeted values
that the iterator must match closely for a converged solution.

Using the F superscript for the present F' formulation and the A
superscriptfor the A formulation of Ref. 7, a canonical transforma-
tion between the set (a, h, k, p, ¢, ) and the set (a, h, k, p, q, F)
will require that the following condition hold true:

Myda+ Ay dh +apdk 425 dp 4 A dg + 25 dr + HY dr
=k, da+ Ay dh 4] dk+ 47 dp+ 2, dg 4+ ApdF + H" dr
(3D

Because the dynamic system is autonomous in both formulations,
H*= HF =1 throughout the transfer, and from Kepler’s equation
A = F —ksg+hcg, we have dA = (1 —kcp — hsp)dF —sp dk
+ cp dh, or

dr = (r/a)dF — sp dk + cp dh (32)

which when used in Eq. (31) yields the following six relationships:

A=k (33)
A=A+ Ajcr (34)
A=A —Msr (35)

A =25 (36)

A =2) (37)

A= (rfa)r} (38)

Both initial and final eccentric longitudes are free, and therefore
they are optimized because (Ar)o = 0 is imposed, and (Af); = 0
is iterated on. We can also verify that the derivations presented
in this paper are indeed correct and error free by running an open-
looptrajectoryusingthe solutionshown in Ref. 12. Using ay = 7000
km, eg = 0, i, = 28.5 deg, 2, = 0 deg, and @, = 0 deg,
the target conditions a; = 42,000 km, e, = 1073, iy = 1deg,
and ; = w; = 0 deg, and the acceleration f;, = 9.8 x 1073
km/s?, the A formulation resulted in the following solution'? given
by (Ao = 4.675229762 s/kkm, (A;)p = 5413413947 x 10? s,

(Ao = —9.202702084 x 10° s, (A,)y = 1.778011878 x 10!
s, and (A4)9 = —2.258455855 x 10* s, with an optimized ini-
tial mean longitude (A)y = —2.274742851 rad corresponding to
an initial mean anomaly M, = —130.3331648 deg, and the min-
imum time of 7, =58089.90058 s. Because (1,)y = 0 was used
at time zero to start the integration, and because (r)o = ao due to
the initial circular condition, Eqs. (33-38) show that we can select
Aav Apy Aky Ay Ag,and Ap = O at the initial time to be identical to the
values shown earlier. Furthermore, (F), = (1), = (M), because
ey = 0 and ¢ = wy = 0 deg in this example. The open-loop in-
tegration to 7 results in the final parameters a; = 41,999.991km,
ey = 9.9833 x 107%, i; = 0.999797 deg, @, = 3.435 x 107*
deg, wy = 359.992909 deg, and F; = 46.206027 deg with
(Ar); =9.089 x 107° s/rad duplicating the minimum-time transfer
example of Ref. 12. This F'; value correspondsto M = 46.171481
deg, whichiscloseto M ; = 46.146408deg obtainedin Ref. 12. Fig-
ure 1 shows how F' and M vary during the short optimal flight start-
ing from the same initial value of 229.666835 deg or —130.333164
deg, with the eccentric longitude cycling between 0 and 360 deg.
Figures 2—7 show the evolution of the various multipliers and com-
pare them to the corresponding multipliers of the A formulation of
Ref. 12 with identical A,, A,, and A, as predicted by Egs. (33),
(36), and (37). Both A, and A start and end at zero as required for
the solution of the free-free transfer because both initial and final

400
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Fig. 1 Mean anomaly and eccentric longitude time histories during
optimal transfer.
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Fig. 3 Evolution of )\,)l‘ and )\f multipliers during optimal transfer.
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Fig. 4 Evolution of )\i‘ and )\f multipliers during optimal transfer.

17.8

176

17.41—

b SEC
T

<172

17.0

16.81—

0 2 4 6 8 10 12 14 18
Time, hours

Fig. 5 Evolution of )\;‘ and )\5 multipliers during optimal transfer.
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Fig. 6 Evolution of )\;‘ and )\qF multipliers during optimal transfer.
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Fig. 7 Evolution of )\ﬁ and )\5 multipliers during optimal transfer.

longitudes are free and are therefore optimized to yield the absolute
minimum-time transfer. Finally, Figs. 8 and 9 depict the variations
of the Earth-centered inertial Cartesian position components with
Fig. 9 showing clearly how the orbit initially inclined at 28.5 deg
rotates near the end of its run to match the 1 deg target. These ex-
pressions clearly show why the in-plane adjoints exhibit different
plots with the exception of the various A,. Because our example
transfer remains near circular throughout,r/a stays close to the unit
value such that the A and A, curves are nearly identical. This near
identity of the Az and A, curves will not appear when the orbits are
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Fig. 8 Inertial Cartesian coordinates Y vs X during optimal transfer.
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Fig. 9 Inertial Cartesian coordinates Z vs Y during optimal transfer.

elliptical because then r /a will effectively modulate the A, curveto
generate the Ap curve.

Concluding Remarks

The mathematics of trajectory optimization for low-thrust orbit
transfer and rendezvous are derived for the particular case where
the eccentric longitude represents the sixth state variable. The use
of this nonsingularset removes the need for solving the Kepler tran-
scendental equation at each integration step because the eccentric
longitude is now directly integrated. An example of minimum-time
transfer using continuous constant acceleration obtained with a dif-
ferent formulation where the mean longitude represents the sixth
state variable instead is duplicated by way of this formulation. The
correspondence between the adjoints to the six elements of both
formulations is also established, and the result is used to set the
initial values of the six Lagrange multipliers corresponding to the
presentformulation to duplicate an open-loop transfer trajectory for
validation and verification of the various mathematical derivations.

Appendix A: Nonzero Partials of the First Five Rows

of Matrix M
M, 2 93X,
—L=-=_"1 Al
oh n’a dh (AD
My, 2 dY,
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In a similar way
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The accessory partials appearing in the definition of the preceding
partial derivatives are obtained from Egs. (9), (10), and (18-21) by
assuming that d F /oh = 0F /dk = O:

90X, a. na? h?B3
— = 7X1sp + - hBsp + (kep + hsp)| B+

oh 1-8
(A29)

0X, a. na’ hkg?

— = =X cp + —| hBcp + (kcp + hsp) (A30)

ok r r 1-8

oY, a. na? hkg?

— = =Y sp + — | —kBsp — (kcp + hsp) (A31)

oh r r 1—-8

ak 1-8
(A32)

aY, . 2 k283
_1:;chﬁg[_km_<kcp+hsf)<ﬂ+ p )}



324

PX, a h2 g3 hp?
o _a{—<1+7> <ﬂ+ ﬂ>_1 ﬂ(hcp—ksp)

h2B2(3 — 2

LED'¢ hkpB? hB3
l:—a{—s,;(l—k ) A + £ (hcg — ksp)

k> 1-8 1-8

2R2¢7 _
[1+kﬂ(3 28)

a2
(11— B2 i| - ESFCF(hﬂ - SF)} (A34)

g;,);/l( = _“{C‘” fliﬂ; + 1kﬂzﬂ (hep = ksr)

. [1 ; ”2’?1(3—;)3’”} S
_ %sp (5 n 1;#_5;) } (A35)
(A36)

2y, hkg? kB3
Y { <1+ >l—ﬂ+1 ﬂ(hcp—ksp)

hp>(3 —28)
X |:1—|——(1_/3)2

BZYI_ Zﬂ’i
e (4204 75)

kg’ kB2 (3 —2p)
+ T— ﬂ(hCF - ks,r)[3 + W}

i| +r_SFCF(kﬂ—CF)} (A37)

a2
+ r_stCF (cp — kﬂ)} (A38)

2 233 3
’Y, { <ﬂ+kﬂ >+lhf (hey — sy

dhok B B
(A39)
z?li;;, - “{‘SF lh liﬂ; + lhﬂ; (hep = ksi)
[1 + szl(f—;)iﬂ)} —Cp(kﬂ —cr)
+Ter (’“ f?;)} (A40)
-t (Ad1)

dadh ~ a oh

KECHICHIAN

#X, 19X,

= A42
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where the X ,/8h, dX,/8k, 8Y,/dh, and 8Y, /dk partials just ap-
pearing are given by Egs. (18-21). The last four second-order par-
tials are neededto define the dM /da partialsin Eq. (A49), produced
by assuming 9 F'/da = 0. We have
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This, together with the second-order partials of Eqs. (A41-A44)
give
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Finally, the partial derivatives of M with respect to F that are not
identically equal to zero are given by
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